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Graph of the sine function, by Zuming Feng 15

1.11 Graph of the sine function

1. The angular velocity of an object is the rate at which it rotates around a chosen center point.
One way to describe it is to tell how many degrees per unit of time the object rotates around
the center.

Think of a clock with a second, minute, and hour hands. Describe hands’ angular speed in
degrees travelled around the circle in one hour. When is the first time after midnight the
minute and hour hands point in the same direction?

2. Andy is riding a merry-go-round, whose radius is 25 feet and which is turning 36 degrees per
second. Seeing a friend in the crowd, Andy steps o↵ the outer edge of the merry-go-round
and suddenly finds it necessary to run. At how many feet per second?

Mathematics 3–4

180.A large circular saw blade with a 1-foot radius is mounted so
that exactly half of it shows above the table. It is spinning slowly,
at one degree per second counterclockwise. One tooth of the blade
has been painted red. This tooth is initially 0 feet above the table,
and rising. What is the height after 37 seconds? After 237 seconds?
After t seconds? Draw by hand a graph that shows how the height h

of the red tooth is determined by the elapsed time t. It is customary
to say that h is a function of t.
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181. (Continuation) Now explore the position of the red saw tooth
in reference to an imaginary vertical axis of symmetry of the circular
blade. The red tooth is initially one foot to the right of the dotted
line. How far to the right of this axis is the tooth after 37 seconds?
After 237 seconds? After t seconds? Draw by hand a graph that
shows how the displacement p of the red tooth with respect to the
vertical axis is a function of the elapsed time t.
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182. (Continuation) The graphs of the height h and the horizontal displacement p of the
red saw tooth are examples of sine and cosine curves, respectively. Draw y = sin x and
y = cos x on a graphing tool and compare them with the graphs that you drew in the
preceding exercises. Use these graphs to answer the following questions:
(a)For what values of t is the red tooth 0.8 feet above the table? 0.8 feet below the table?
(b)When is the tooth 6 inches to the right of the vertical axis? When is it farthest left?

183.Asked to simplify the expression sin(180 � ✓), Rory volunteered the following solution:
sin(180 � ✓) = sin 180 � sin ✓, and, because sin 180 is zero, it follows that sin(180 � ✓) is the
same as � sin ✓. Is this answer correct? If not, what is a correct way to express sin(180 � ✓)
in simpler form? Answer the same question for cos(180 � ✓).

184.Find simpler, equivalent expressions for the following. Justify your answers.
(a) sin(180 + ✓) (b) cos(180 + ✓) (c) tan(180 + ✓)

185. Show that there are at least two ways to calculate the angle formed by the vectors
[cos 19, sin 19] and [cos 54, sin 54].

186.Let N be the point on the equator closest to E = Exeter, and let C be the center of
the earth. The central angle ECN is called the latitude of E; it is
approximately 43 degrees. Take the radius of the earth to be 3960
miles as you answer the following distance questions:
(a)How far from the equator is Exeter? Travel on the earth, not
through it.
(b)How far does the earth’s rotation on its axis carry the citizens
of Exeter during a single day?
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3. A large circular saw blade with a 1-foot radius is mounted so
that exactly half of it shows above the table. It is spinning
slowly, at one degree per second counterclockwise. One tooth
of the blade has been painted red. This tooth is initially 0
feet above the table, and rising.

What is the height of the tooth after 30, 45, 60, and 90 seconds? After t seconds? Draw
by hand a graph that shows how the height h of the red tooth is determined by the elapsed
time t. The unit circle in the diagram will help you plot the values of h more precisely. It is
customary to say that h is a function of t.
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t

4. The graph of the height h of the red saw tooth is an example of a sine curve. Draw y = sin x

on a graphing tool and compare it with the graph that you drew in the preceding exercise.
How many times does the graph of the sine curve intersect the x-axis? Does the graph repeat
its shape?
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16 Integrated Mathematics 6 Algebra

5. (Continuation) Suddenly the saw blade starts to rotate twice faster. The tooth at that
moment is again 0 feet above the table, and rising. Sketch the new graph of the height h in
relation with the elapsed time t. Which trigonometric function have you plotted?
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22 Integrated Mathematics 6 Algebra

1.16 Fractals and the infinite geometric series

1. Square S1 is a unit square. We construct a sequence of squares S1, S2, S3, . . .. The lengths of
the sides of square Si+1 are half the lengths of the sides of square Si. The sides of the square
Si+1 are parallel to the sides of Si and the bottom left vertex of Si+1 coincides with the top
right vertex of Si. An example of the first five squares is drawn below:

(a) Let Rn denotes the connected region consisting of the first n squares. Find the area and
the perimeter of Rn in terms of n.

(b) Suppose R is the region obtained when n goes to infinity. Determine the area and the
perimeter of R.

2. When Alicia was finding the area of R, she said that even though the area of the figure
increases with every additional square, from the beginning she knew that the area of the
figure is finite. Can you explain her possible reasoning?

Ben, in his turn, said that he knows how to compute the perimeter of R, if its value is finite.
If P is finite, he said, then 4 + 1

2P = P and therefore P = 8. Can you explain Ben’s idea?
Use Ben’s reasoning to find the area of R.

3. In 1904 Helge von Koch invented his snowflake, which is probably the first published example
of a fractal. Fractals are objects that look similar and preserve a certain pattern at every
scale. We are about to construct one!

The figure we will obtain will be the result of an endless sequence of stages:

Stage 0 (the initial configuration) consists of an equilateral triangle, whose sides are 1 unit
long. Stage 1 is obtained from stage 0 by replacing the middle third of each edge by a pair of
segments, arranged so that a small equilateral triangle protrudes from that edge. In general,
each stage is a polygon that is obtained by applying the middle-third construction to every
edge of the preceding stage.
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Fractals and the infinite geometric series (part 3), by Zuming Feng 23

Make your own sketch of stages 2 and 3. Then answer the questions below and place your
results into the table.

Stage 0 1 2 3 . . . n

# edges 3 . . .

# vertices 3 . . .

Length of the edge 1 . . .

# triangles added 0 . . .

Perimeter 3 . . .

Area . . .

(a) Stage 0 has three edges, and stage 1 has twelve. How many edges do stages 2 and 3
have? How many edges does stage n have?

(b) Stage 1 has twelve vertices. How many vertices does stage n have?

(c) How long is each edge of stage 1? of stage 2? of stage n?

4. (Continuation) What is the perimeter of stage 1? of stage 2? of stage n? Does the snowflake
have finite perimeter? Explain.

5. (Continuation) Is the area enclosed by the snowflake finite? Explain. Try to do so without
any computation first.

The area enclosed by stage 0, the initial equilateral triangle, is
p

3
4 . What is the area enclosed

by stage 1? by stage 2? by stage n? Show that the area enclosed by the completed snowflake
can be obtained with the help of a geometric series.


